Some new criteria for the oscillation of first-order forced nonlinear difference equations of the form Δx(n) + q 1 (n)x μ (n + 1) = q 2 (n)x λ (n + 1) + e(n), where λ,μ are the ratios of positive odd integers 0 < μ < 1 and λ > 1, are established.
Introduction
We consider first-order forced nonlinear difference equations of the type Δx(n) + p(n)x(n + 1) + q 1 (n)x μ (n + 1) = e(n), (1.1) Δx(n) = q 2 (n)x λ (n + 1) + e(n), (1.2) Δx(n) + q 1 (n)x μ (n + 1) = q 2 (n)x λ (n + 1) + e(n), (1.3) where (i) {p(n)}, {e(n)} are sequences of real numbers; (ii) {q i (n)}, i = 1,2, are sequences of positive real numbers; (iii) λ, μ are ratios of positive odd integers with 0 < μ < 1 and λ > 1. By a solution of equation (1,i) , i = 1,2,3, we mean a nontrivial sequence {x(n)} which is defined for n ≥ n 0 ∈ N = {0, 1,2,...} and satisfies equation (1,i) , i = 1,2,3, and n = 1,2,.... A solution {x(n)} of any of the equations (1, i), i = 1,2,3, is said to be oscillatory if for every n 1 ∈ N, n 1 > 0, there exists an n ≥ n 1 such that x(n)x(n + 1) ≤ 0, otherwise, it is nonoscillatory. Any of the equations (1,i), i = 1,2,3, is said to be oscillatory if all its solutions are oscillatory.
In recent years, there has been an increasing interest in studying the oscillation and nonoscillation of solutions of difference equations. For example, see [1, [3] [4] [5] and the 2 Discrete first-order forced oscillation references cited therein. It is known that (1.1) and (1.2) with e(n) ≡ p(n) ≡ 0 are oscillatory if ∞ q 1 (n) = ∞, ∞ q 2 (n) = ∞, (1.4) respectively. These conditions are also sufficient for the oscillation of (1.1) and (1.2) with p(n) ≡ 0 provided that there exists an oscillatory sequence {η(n)} such that Δη(n) = e(n).
In this paper, we are interested to establish some new criteria for the oscillation of (1.1)-(1.3) without imposing the above restriction on {e(n)}. In Section 2, we present some sufficient conditions for the oscillation of (1.1) and employ the same techniques to obtain oscillation results for the neutral equation
where {c(n)} is a sequence of nonnegative real numbers and τ is any real number. In Section 3, we investigate the oscillatory property of (1.2) and discuss the case when λ = 1, that is, the linear case. Section 4 is devoted to the study of the oscillatory behavior of (1.3). We also proceed further in this direction and obtain oscillation criteria for second-order equations of the form Δ 2 x(n − 1) + q 1 (n)x μ (n) = q 2 (n)x λ (n + 1) + e(n); (1.6) here λ can assume the value 1. We note that the results of this paper are presented in a form which is essentially new and of high degree of generality. Also, for related results in oscillation of forced differential equations, we refer to our earlier paper [2] .
Oscillation criteria for (1.1)
In order to discuss our results, we need the following lemma.
Lemma 2.1 [6] . If A and B are nonnegative, then
Note that equality holds if and only if A = B.
The following theorem provides sufficient conditions for the oscillation of (1.1). 
(2.10)
Taking limsup as m → ∞ in the above inequality, we obtain a contradiction to condition (2.4) . If {x(n)} is eventually negative, then reasoning as above leads to a contradiction with the condition (2.5). This completes the proof.
The following corollary is immediate. Remark 2.5. Theorem 2.2 remains valid if p(n) ≡ 0 and q 1 (n) is of variable sign, that is,
where {a(n)} and {b(n)} are sequences of positive real numbers.
In this case, we have the following result for the equation 
Proceeding as in the proof of Theorem 2.2, taking liminf of both sides of the resulting inequality as m → ∞, and using condition (2.5), we arrive at the desired contradiction.
Proof. It suffices to note that in Theorem 2.2 for the choice H(m,n) = H(n + 1,n) > 0, m > n ≥ 0, h(m,n) = H(n + 1,n) − H(n + 1,n + 1) = H(n + 1,n) > 0 for m > n ≥ 0, −P(m, n) = −P(n)H(n + 1,n) < 0 for m > n ≥ 0, (2.15) and for k = n = m − 1,
so that the assumptions (2.4) and (2.5) are reduced to (2.14).
The following result is concerned with the oscillatory behavior of all bounded solutions of the equation
where p(n), q 1 (n), e(n), and μ are as in (1.1).
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then all bounded solutions of (2.17) are oscillatory.
6 Discrete first-order forced oscillation
Proof. Let {x(n)} be an eventually positive and bounded solution of (1.1). From (2.17) it follows that
and apply Lemma 2.1(ii) in (2.20) to obtain
Taking limsup as n → ∞ in the above inequality, we obtain a contradiction to condition (2.18). If {x(n)} is eventually negative, then reasoning as above leads to a contradiction with the condition (2.19 ). This completes the proof.
The following examples are illustrative.
Example 2.9. Consider the forced difference equation
All conditions of Corollary 2.7 are satisfied and hence (2.23) is oscillatory. One such solution is x(n) = (−1) n .
Example 2.10. The forced difference equation
has a bounded oscillatory solution x(n) = (−1) n . All conditions of Theorem 2.8 are satisfied.
Remark 2.11. We may note that Theorem 2.2 and Corollary 2.7 fail to apply to (1.1) with p(n) ≡ 0, while Theorem 2.8 is applicable to (2.17) with p(n) ≡ 0, n ≥ n 0 ∈ N. In the former case, Theorem 2.8 takes the form of the following corollary.
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Next, we will apply the technique employed to present oscillation result for the neutral forced nonlinear difference equation of the form where p(n), q 1 (n), e(n), and μ are as in (1.1), {c(n)} is a sequence of nonnegative real numbers, and τ is any real number. 
The rest of the proof is similar to that of Theorem 2.2 and hence omitted.
Oscillation of (1.2)
Our main oscillation criterion for (1.2) is the following result. 
7)
then (1.2) is oscillatory.
The following example is illustrative. has an oscillatory solution x(n) = (−1) n n. All conditions of Theorem 3.5 with H(m,n) = H(n + 1,n) > 0, m > n ≥ 0, and for k = n = m − 1, are fulfilled.
Oscillation of (1.3)
We will combine some of our results in Sections 2 and 3 to obtain oscillation criteria for (1.3). The rest of the proof is similar to that of Theorem 2.2 and hence omitted. 12 Discrete first-order forced oscillation
The following example is illustrative.
Example 4.3. The forced nonlinear difference equation
Δx(n) + 1 (n + 1) 1/3 x 1/3 (n + 1) = 1 (n + 1) 3 x 3 (n + 1) + (−1) n+1 (2n + 1) (4.6)
has an oscillatory solution x(n) = (−1) n n. All conditions of Corollary 4.2 are satisfied with α = 6. Now, we will apply the technique employed above to obtain oscillation results for second-order difference equations of the form Similarly, we present the following result for the equation 
(4.15)
Also, we discuss the oscillatory behavior of a special case of (4.7), namely, the equation Δ 2 x(n − 1) = q 2 (n)x λ (n + 1) + e(n); (4.16)
here λ can assume the value 1, that is, the equation can be linear. The rest of the proof is similar to that of Theorem 3.1 and hence omitted. Thus, we obtain the following result. then all bounded solutions of (4.12) with p(n) ≡ 0 are oscillatory.
Proof. Let {x(n)} be an eventually positive and bounded solution of (4.12) with p(n) ≡ 0. Now, e(n) = x(n + 1) + x(n − 1) + q 1 (n)x μ (n) − 2x(n) . has an unbounded solution x(n) = n. All conditions of Theorem 4.9 are satisfied except those on e(n), that is, conditions (4.22) and (4.23).
Remark 4.11. We note that we can apply the technique presented here to obtain oscillation criteria for the neutral forced equations of type (2.26), that is,
and also for forced neutral second-order nonlinear difference equations of the form Δ 2 x(n) − c(n)x[n − τ] + q 1 (n)x μ [n − τ + 1] = q 2 (n)x λ [n − τ + 1] + e(n).
(4.28)
The formulations of these oscillations results and their proofs are left to the reader.
Remark 4.12. We note that the results of this paper are not applicable to unforced equations, that is, when e(n) ≡ 0.
